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The Fuzzy Lattice of Ideals and Filters of an
Almost Distributive Fuzzy Lattice

Berhanu Assaye Alaba and Bekalu Tarekegn Bitew

Abstract—In this paper, the concept of fuzzy lattice is dis-
cussed. It is proved that a fuzzy poset (I4(L),B) and (F4(L),B)
forms a fuzzy lattice, where [4(L) and F4(L) are the set con-
taining all ideals, and the set containing all filters of an Almost
Distributive Fuzzy Lattice(ADFL) respectively. In addition we
proved that, a fuzzy poset (PI4(L),B) and (PF4(L),B) forms
fuzzy distributive lattice, where P4 and PF4(L) denotes the set
containing all principal ideals and the set containing all principal
filters of an ADFL. Finally, it is proved that for any ideal I and
filter F of an ADFL, I}, = {(i]4:i€ I} and Ff{ ={[f)a:f€F} are
ideals of a fuzzy distributive lattice (PI4(L),B) and (PF4(L),B)
respectively, and Fi = {(f]a: f € F} and 1}; = {[i)a :i €I} are
filters of a distributive fuzzy lattice (PI4(L),B) and (PF4(L),B)
respectively.

Index Terms—Almost distributive fuzzy lattice, filters, fuzzy
lattice, ideals.

I. INTRODUCTION

HE axiomatization of Boole’s two valued propositional

calculus led to the concept of Boolean Algebra and the
class of Boolean Algebras(Ring). This includes the ring the-
oretic generalizations and the lattice theoretic generalizations
like Heyting Algebras and distributive lattice. U.M.Samy and
G.C.Rao [1] introduced the concepts of an ADL as a common
abstraction of distributive lattice.
On the other hand, Zadeh [2] was the first mathematician to
introduced the concepts of fuzzy and, to define and study
fuzzy relations, Sanchez [3], Goguen [4] adapted this concept.
The notion of partial order and lattice order goes back to
19th century investigations in logic. The concepts of fuzzy
sublattices and fuzzy ideals of a lattice was introduced by Yuan
and Wu [5]. Fuzzy lattice was defined as a fuzzy algebra by
Ajmal and Thomas [6] and they characterized fuzzy sublattices
for a first time. In 2009, fuzzy partial order relation was
characterized interms of its level set by Chon [7]. Chon in
the same paper defined a fuzzy lattice as a fuzzy relation,
developed basic properties and characterized a fuzzy lattice
by its level set.
As a continuation of these studies, in 2016 Berhanu [8] define
an Almost Distributive Fuzzy Lattice as a generalization of
Distributive Fuzzy Lattice and fuzzyfy some properties of the
classical Almost Distributive Lattice using the fuzzy partial
order relation and fuzzy lattice defined by Chon [7]. In the
same year Berhanu and Bekalu [9], introduced the concepts
of ideals and filters of an Almost Distributive fuzzy lattice. In
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addition, Berhanu and Bekalu [10] in the same year, introduced
the concepts of principal ideals and filters of an ADFL as a
continuation of [9].
Again, as a continuation of Berhanu and Bekalu’s [9] and
[10] work, in this paper we introduce the concepts of fuzzy
lattices by defining a fuzzy relation on the set containing all
ideals of a given Almost Distributive Fuzzy Lattice, and on
the set containing all filters of a given Almost Distributive
Fuzzy Lattice. In addition, we proved that a fuzzy poset
(PI4(L),B) and (PF4(L),B) forms a distributive fuzzy lattice,
where PI4(L) is the set containing all principal ideals, and
PF4(L) denotes the set containing all filters of a given ADFL
L. Moreover in this paper, we introduce ideals and filters of
the two distributive fuzzy lattice (PI4(L),B) and (PF4(L),B)
induced by arbitrary ideal I and filter F of an ADFL L.

In this work, we will use Fuzzy Lattice defined by Chon
[7], and an Almost Distributive Fuzzy Lattice introduced by
Berhanu [8].

II. PRELIMINARIES

In this section we recall some definitions, basic and impor-
tant results from [9],[10],[8], and [7] that will be required in
this paper.

In this paper, an Almost Distributive Fuzzy Lattice (R,A) is
denoted by L, and R represents a non empty set such that L
= (R, A) forms an Almost Distributive fuzzy lattice(ADFL).

Definition 1 ([7]): Let X be a set. A functionA: X x X —
[0,1] is called a fuzzy relation in X. The fuzzy relation A in X
is reflexive if and only if A(x,x) =1 for all x € X, A is transitive
if and only if A(x,z) > sup,y min(A(x,y),A(y,z)), and A is
antisymmetric if and only if A(x,y) > 0 and A(y,x) > 0 implies
x =y. A fuzzy relation A is fuzzy partial order relation if
A is reflexive, antisymmetric and transitive. A fuzzy partial
order relation A is a fuzzy total order relation if and only if
A(x,y) >0 or A(y,x) >0 for all x,y € RIf A is a fuzzy partial
order relation in a set X, then (X, A) is called a fuzzy partially
ordered set or a fuzzy poset. If B is a fuzzy total order relation
in a set X, then (X,B) is called a fuzzy totally ordered set or
a fuzzy chain.

Definition 2 ([8]): Let (R,V,A,0) be an algebra of type
(2,2,0) and (R,A) be a fuzzy poset.Then we call L = (R,A) is
an Almost Distributive Fuzzy Lattice (ADFL) if the following
axioms are satisfied:

1) A(a,av0)=A(aV0,a)=1,

2) A(0,0Na)=A(0Aa,0)=1,

3) A((aVvb)Ace,(anc)V(bAc))=A((anc)V (bAc),(aV
b)Nc) =1,
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4) A(an(bVe),(anb)V(anc))=A((aAb)V (aNc),al
(bve))=1;
5) A(aV (bAc),(aVvD)N(aVe))=A(lavb)A(aVc),aV

(bAe))=1;

6) A((aVvb)Ab,b)=A(b,(aVb)A\b)=1;forall a,b,c €R.

Definition 3 ([8]): Let L be an ADFL . Then for any a, b
€ R, a < bif and only if A(a, b) > 0.
As a result of this definition, for any a,b € R, A(a,b) > 0 if
and only if aAb =a or aV b = b, and hence we have the
following Theorem which are the main results of [8].

Theorem 4 ([8]): Let L= (R,A) be an ADFL. Then for each
a,bandcin R:

1) If A(a,b) > 0 then A(b,a) = 0, where a # b;

2) A(anb,b)>0and A(bAa,a)>0;

3) A(a, avb) > 0 and A(b,bVa) > 0;

4) Alanb,bANa) >0 and A(bAa,aNb) > 0 whenever

A(a,b) > 0;

5) A(aVvb,bVa)>0 and A(bVa,aVb) >0, whenever
A(a,b) > 0;

6) A(0,an0)>0 and A(a,0Va)>0;

7) A(a,ana)>0and A(aVa,a)>0

8) A((anb)Vb,b)=1and A(aV (aAb),a)=1

9) A(a,an(aVvb))=1and A(a,(aVb)ANa)=1

10) A(aV (aAb),an(aVb))=1

11) A(aV (bAa),(aVvb)Na)=1;

12) A(aVb,a) > 0 if and only if A(b,aN\b) > 0;

13) A(aVb,b)>0and A(b,aVbh) >0 iff A(aAb,a) >0 and
A(a,anb) > 0;

14) A((aVvb)Ac,(bVa)Ac)>0and A((bVa)Ae,(aVb)A

c)>0;
15) A(an(bAc),(anb)Nc)=1;
16) A(anbAc,bAanc)>0and A(bAaAc,aNbAc)>0.

Definition 5 ([9]): Let L be an ADFL and let I be any non
empty subset of R. [ is said to be an ideal of an ADFL L, if
it satisfies the following axioms:

(i) a,b € I implies that avb e[

(if) a € I and b € R implies that aAb € 1.

Definition 6 ([9]): Let L be an ADFL and let F be any non
empty subset of R. Then F is said to be filters of an ADFL
L, if it satisfies the following axioms:

(i) a,b € F implies that aAb € F

(if) a € F and b € R implies that aVb € F.

Theorem 7 ([9]): Let L be an ADFL and S be any non empty
subset of R. Then, (S|4 = {x € R/A(x,(Vs:)"_,; Ax) >0, where
si€S and n € Z"} is the smallest ideal of L containing S.

Theorem 8 ([9]): Let L be an ADFL and F be any non empty
subset of R. Then [F)4 = {x € R/A(NL, fi,x NN, f)) >
0, for some f; € F and n € Z'} is the smallest filter of L
containing F.

Theorem 9 ([9]): Let I and J are two ideals of an ADFL L.
Then I AJ and I\/J are also ideals of L, where IAJ =1[\J
and I\/J={xVy/xe€land y€c J}.

Theorem 10 ([9]): Let F and G are two filters of an ADFL
L= (R,A). Then F AG and F\/ G are also filters of L, where
FAG=FNG and FVG={xAy/x€F and y € G}.

Definition 11 ([10]): Let L be an ADFL and let a € R. An
ideal generated by a singleton set {a} denoted by (a]s is a

principal ideal of L. Similarly, A filter generated by a singleton
set {a} denoted by [a), is a principal filter of L generated by
a.

Lemma 12 ([10]): Let L be an ADFL and let a € R.
The set {x € R/A(x,aAx) >0} and {x € R/A(a,x Na) > 0}
are principal ideal and principal filter of L generated by a,
respectively.

Corollary 13 ([10]): Let L be an ADFL and let a € R. Then
for any element a of R, a € (a]s and a € [a)a.

Corollary 14 ([10]): Let L be an ADFL. For any a,b € R,

(i) (alaV(bla = (aVbla = (bVala,

(if) (ala A(bla = (aAbla = (b Adla,

(iii) [)aV[b)a = [aAb)a = [bAa)a,

(iv) [@)a A[b)a = laVb)a = [bVa)a.

Theorem 15 ([10]): Let L be an ADFL. Then for any a,b €
R, the followings are equivalent:

(i) (ala C (b]a
(if) A(x,bAx) >0, for all x € (a]a
(iii) A(bVx,b) > 0, for all x € (a]s
(

iv) [b)a C [a)a

III. THE Fuzzy LATTICE OF IDEALS AND FILTERS OF AN
ALMOST DISTRIBUTIVE FUzzY LATTICE

In this section we introduce the concept of a fuzzy lattice
by defining a fuzzy relation B on the set containing all
ideals I4(L), and on the set containing all filters F4(L) of
a given Almost Distributive Fuzzy Lattice L. In addition,
we proved that a fuzzy poset (PI4(L),B) and (PF4(L),B)
forms a fuzzy distributive lattice, where PI4(L) is the set
containing all principal ideals, and PF4(L) denotes the set
containing all filters of a given ADFL L respectively. Moreover
in this section, we introduce ideals and filters of the two
fuzzy distributive lattice (PI4(L),B) and (PF4(L),B) induced
by arbitrary ideal I and filter F of an ADFL L.

In this paper, I4(L) and F4(L) represents, the set containing
all ideals and the set containing all filters of an ADFL L
respectively.

Definition 16 ([7]): Let (X, A) be a fuzzy poset and let
B C X. An element u € X is said to be an upper bound for
a subset Y if and only if A(b,u) >0 for all b €Y. An upper
bound uo for Y is the least upper bound of Y if and only
if A(ug,u) > 0 for every upper bound u of Y. An element
v € X is said to be a lower bound for a subset Y if and only
if A(v,b) >0 for all b € B. A lower bound vy for Y is the
greatest lower bound of Y if and only if A(v,v0) > 0 for every
lower bound v for Y.

Consider a fuzzy relation B on I4(L), and we have the
following proposition.

Proposition 17: Let L be an ADFL and (I4 (L), R) be a fuzzy
Poset. For any I,J € I4(L), B(I,J) > 0 if and only if for all
i € I there exists j € J such that A(i, j) > 0.

Proof: Let I,J € I4(L). Suppose B(I,J) >0, and let i € I.
Since I C J, i € J. Then A(i,i) > 0.
Conversely, suppose for all i € I there exists j € J such that
A(i,j) > 0. Since J is an ideal, i € J. Hence B(I,J) >0. ®

Proposition 18: Let L be an ADFL and (F4(L),R) be a
fuzzy Poset. For any F,G € F4(L), B(F,G) > 0 if and only if
for all f € F there exists g € G such that A(g, f) > 0.
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Proof: Let F,G € F4(L). Suppose B(F,G) > 0, and let
f€E€F.Since F CG, f€G. Then A(f,f) > 0.

Conversely, suppose for all f € F there exists g € G such that
A(g,f) > 0. Since G is an filter, f € G. Hence B(F,G) >0. &

Definition 19 ([7]): Let (R,A) be a fuzzy poset. (R,A) is a
fuzzy lattice if and only if xVVy and x Ay exist for all x,y € R.

Definition 20 ([7]): Let (R, A) be a fuzzy lattice. (R, A)
is distributive if and only if xA (yVz) = (xAy)V (xAz) and
(xVY)A(xVz)=xV(yAz) for all x,y,z €R.

Theorem 21: Let L be an ADFL and (I4(L),B) be a fuzzy
poset. Then (I4(L),B) forms a fuzzy lattice.

Proof: Let I and J are any arbitrary elements of I (L). By
Theorem 9, both 7V J and I AJ exist and they are in (I4(L).
First we show that /VVJ and I AJ are an upper bound and
lower bound of the set containing I and J respectively.

Let i€ l. Then i=iVO0e€IVJ. Hence B(I,IVJ) >0, and
similarly B(J,I1VJ) > 0. Thus I\/J is the upper bound of the
set containing I an J.
Let i€ INJ, Then i€ and i € J. Hence B(IAJ,I) > 0 and
B(INJ,J) > 0. Thus I \J is the lower bound of I and J.
Assume there exist an ideal K of L such that B(I,K) > 0 and
(J,K) > 0.
Let x € I'\/J. Then there exists i € I and j € J such that x =
iV j. Since B(I,K) >0 and B(J,K) > 0, there exist kj,ky € K
such that A(i,k;) > 0 and A(j,kp) > 0, and it implies that
i,j € K. Hence x =iV j, and then B(I\/J,K) > 0. Thus I\/J
is the smallest upper bound of I and J.
Again, assume there exists an ideal N of L such that B(N,I) >
0 and B(N,J) > 0. Let n € N, then there exists i € [ and j €J
such that A(n,i) > 0 and A(n,j) > 0, and it implies that n € I
and n € J. Hence n € I \J and then B(N,I\J) > 0. Thus I\J
is the greatest lower bound of I and J.
Therefore, (I4(L),B) forms a fuzzy lattice, and we call it a
fuzzy lattice of all ideals of an ADFL L. ]
Theorem 22: Let L be an ADFL and (F4(L),B) be a fuzzy
poset. Then (F4(L),B) forms a fuzzy lattice.

Proof: Let F and G are any arbitrary elements of F4(L).
By Theorem 10, F VG and F A G both exist and they are in
(Fa(L). First we show that F VG and F AG are an upper bound
and lower bound of the set containing F and G respectively.
To show F'VV G is the upper bound of F and G, let f € F. Then
fVgeG, where g € G and it implies that fA(fVg) € FVG.
Then A(fA(fVg),f) >0 and then B(F,F\/ G) > 0.

Again let g € G, then fVg e F, where f € F, and it implies
(fVeg)Nge FVG. Hence, A((fVg)Ng,g) >0, for every
g € G and then B(G,F\VG) > 0.

Thus F\/ G is an upper bound of F and G.

Similarly, to show F AG is the lower bound of F and G, let
x € F A\G. Then there exists f € F and g € G such that x =
fVeg. Since F and G are filters of L, x € F and x € G. Hence,
B(FAG,F)>0and B(F \G,G) > 0. Thus F A\ G is the lower
bound of F and G.

To show FAG is the list upper bound of F and G, let us
assume there exists a filter H of L such that B(F,H) > 0 and
B(G,H) > 0. Let a € F\/G. Then there exists f and g in F
and G respectively, such that a = f A g. Since B(F,H) > 0 and
B(G,H) >0, there exists h; and h; in H such that A(hy, f) >0
and A(hy,g) > 0, and then f and g belongs to H and H, and

it follows that f Ag € H. Hence, B(F\/G,H) > 0 and this
follows from the fact that (f Ag,a) > 0. Thus F\/ G is the
least upper bound of F and G.

Finally, assume there exists a filter M of an ADFL L such
that B(M,F) >0 and B(M,G) > 0, and let m € M. Then there
exists f and g in F and G respectively such that A(f,m) >0
and A(g,m) >0. Then A(fVg,m) =A((fVg) Am,m) >0, and
it implies that B(M,F A G) > 0. Hence, F A\ G is the greatest
lower bound of F and G.

Therefore, (F4(L),B) forms a fuzzy lattice, and we call it the
fuzzy lattice of all filters of an ADFL L. [ ]

From Theorem 9 and Theorem 10, we already have seen
that, in a given ADFL L if (I4(L),B) and (F4(L),B) are fuzzy
posets, then both forms a fuzzy lattice, and we call them a
fuzzy lattice of all ideals and the fuzzy lattice of all filters
of an ADFL L respectively. Now lets consider the set of all
principal ideals PI,(L) of an ADFL L, and the set of all
principal filters PF4(L) of an ADFL L. Clearly Pl4(L) and
PF,(L) are subset of I4(L) and F4(L) respectively. Then as an
immediate consequence of the above two Theorems, we have
the following Corollaries.

Corollary 23: Let PI4(L) be the set of all principal ideals
of an ADFL L, and (PI4(L),B) be a fuzzy poset. Then
(PI4(L),B) forms a distributive fuzzy lattice.

Proof: The proof is direct from Theorem 21 and Corollary
14 (i) and (ii). [ |

Corollary 24: Let PF4(L) be the set of all principal filters
of an ADFL L, and (PF4(L),B) be a fuzzy poset. Then
(PF4(L),B) forms a distributive fuzzy lattice.

Proof: The proof is direct from Theorem 22 and Corollary
14 (iii) and (iv). ]

Definition 25 ([11]): Let (H,C) be a fuzzy lattice and I
be any non empty subset of H. I is an ideal of (H,C), if the
following two conditions hold true.

(i) i1,ip € I implies i} Vip €1

(if) i €I and x € H such that C(x,i) > 0 implies x € [

Definition 26 ([11]): Let (H,C) be a fuzzy lattice and F
be any non empty subset of H. F is an ideal of (H,C), if the
following two conditions hold true.

(i) f1,/» € F implies fiAf, € F

(if) f € F and x € H such that C(f,x) > 0 implies x € F
From Corollary 23 and 28 we have seen that, (PI4(L),B) and
(PFA(L),B) forms a fuzzy lattice, whenever both are fuzzy
posets, and in the following two Lemmas, we define an ideal
and filters of a fuzzy lattice (PI4(L),B) and (PF4(L),B) which
are induced by an ideal I and a filter F of an ADFL L.

We first start by ideals and filters of a fuzzy lattice (PI4(L),B),
and in this paper L% denotes a distributive fuzzy lat-
tice (PI4(L),B) and Li denotes a distributive fuzzy lattice
(PF4(L),B). Consider two non empty subset I and F of R.
Define IX, IX, FA¢, and F; by:

L= {(la/i € 1}, [ ={lDa/i € I}, By = {(fla/f € F}. and
FAT ={[f)a/f € F}. It is clear that I} and FAL are subsets of
PI4(L) and IX and FX are subsets of PF4(L). Then we have
the following Theorem.

Theorem 27: Let I be any non empty subset of R, and L be
an ADFL. Then the followings are equivalent:
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1) Tis an ideal of L;

2) I} is an ideal of a distributive fuzzy lattice Lé;

3) Iﬁ is a filter of a distributive fuzzy lattice L;.

Proof: (1) = (2) Suppose I is an ideal of L. We need to

show that Ij is an ideal of Lj.
(a) Let (i1]a and (i]s be any two arbitrary elements of IX.
Then (il]A \/(iz]A = (i] \/iz]A. Since i} Vip €1, (il]A \/(iz]A =
(i Vidla €I}
(b) Let (ila € I} and (x]4 € PI4(L) such that B((x]4, (i]a) > 0.
Then there exists y € (i]4 such that A(x,y) > 0, in particular
A(x,iAy)>0. since T is an ideal of L and iAy €I, x € I, and
then (x]4 € IX. Therefore, IX is an ideal of Lé.
(2) = (3) Suppose Ij is an ideal of L%;. We need to show that
I/I is a filter of Lg.
(a) Let [i1)a and [i2)4 be any two arbitrary elements of II.
Then [i)a Ali2)a = [i1 Vi2)a. Since I is an ideal of L, ij V
ip €I and it follows that [i} Viz)s € IX. (b) Let [i) € IX and
[X)a € PF4(L) such that B([i)a,[x)a) > 0. Then A(x,i Ax) >0
or A(iVx,i) > 0. Since L is an ideal of L, x € I. Hence (x]4 € I/I.
Thus IZ is a filter of LIE.
(3) = (1) Suppose IZ is a filter of a distributive fuzzy lattice
L;. We need to show that I is an ideal of L.
(a) Let iy,ip € I. Then [i1)a,[i2)a € I,I and since I,I is a filter
of Lg, [il)A /\[iZ)A = [il \/iz)A S Ij;. Hence i) Vi € 1.
(b) Leti €1, x € R. Hence [i)4 € I). Since B([i)a, [i)a V[x)a) >
0 and I/I is a filter of Lg, xADA=[iAX)a=[i)aV]x)a € I/I.
Hence, x Ai € I . Therefore, I is an ideal of L. [ |

Theorem 28: Let F are be any non empty subset of R, and
L be an ADFL. Then the followings are equivalent.

1) Fis a filter of L;

2) F ' is a filter of a distributive fuzzy lattice LL;

3) Fj is an ideal of a distributive fuzzy lattice L;.

Proof: (1) = (2) Suppose F is a filter of L. Then we

need to show that F A¢ is a filter of Lé.
(a) Let (fi1]a and (f>]a are any two arbitrary elements of F j .
Then (filaA(f2la = (iAfala € F!, since F is a filter and
fiNfreF.
(b) Let (f]a € F; and (x]4 € PI4(L) such that B((il, (x]4) > 0.
Then f € (x]s4 and it implies that A(f,x A f) > 0 or
A(xV f,x) > 0. Hence, x € F and thus (x]4 € FX . Therefore,
F AL is a filter of a distributive fuzzy lattice Lﬁ.
(2) = (3) Suppose FX is a filter of Lé. Then we need to
show that F, AT is an ideal of L;.
(a) Let [f1)a and [f2)a are any two arbitrary elements of F AT .
Then [f)aVI[f2)a=[fiAfa)a € F!, since F is a filter and
finfo €F.
(b) Let [f)a € FAT and [x)4 € PFs(L) such that
B([x)a,[f)a) > 0. Then x € [f)sa and it implies that
A(f,x N f) >0 or A(xV f,x) > 0. Since f € F and F is a
filter, x € F and it implies that [x)4 € F f{ . Therefore, F, AT is an
ideal of a distributive fuzzy lattice L.
(3) = (1) Suppose FAT is an ideal of a distributive fuzzy
lattice L;. We need to show that F is a filter of L.
(a) Let fi,f2 € F. Then [f1)a,[f2)a € F,. Since F] is an ideal

of LITB’ [f)aV[f2)a=[finfa)a EFAT. Hence fiAf> € F.

(b) Let f € F, y € R. Hence [f)a € F,I' Since
B([x)a Ali)a,[i)a) > 0 and FAT is an ideal of Lg,
iVx)a = [xVi)a = [)aAli)a € Fl. Hence, iAx € F .
Therefore, F is a filter of L. |
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